Abstract. In this paper, it is shown that the number M (n, k) of partitions of a nonnegative integer n with k parts can be described by a set of k polynomials of degree k − 1 in Q k , where k denotes the least common multiple of the k integers 1, 2, · · · , k and Q k denotes the quotient of n when divided by k. In addition, the sets of the k polynomials are obtained and shown explicitly for k = 3, 4, 5, and 6.
Preliminaries
Let N (n) and M (n, k) denote the number of partitions of n and that with length k (or with k parts), respectively, where n and k are nonnegative integers. Obviously, M (n, k) = 0, if k > n. as shown in the Appendix, where x and x denote the smallest integer no smaller than x and the largest integer no larger than x, respectively. More generally, it is well known [2, 3, 4, 5, 7] that M (n, k) satisfies the recursion
Clearly, once n and k are given, we can evaluate M (n, k) recursively with (1.6) using M (n, 0) = 0 for n ≥ 1 and M (0, 0) = 1. In this paper we are interested in finding a polynomial representation for the evaluation of M (n, k).
Polynomial representations
2.1. A nonrecursive formula. Let us denote by Q n,k and R n,k the quotient and remainder, respectively, of n when divided by k. Unless it is ambiguous, we use for brevity the notations Q k and R k for Q n,k and R n,k , respectively. Now, from (1.6), we have
. . .
which can be added to produce
since R k = 0, 1, · · · , k − 1, and consequently, M (R k , k) = 0 from (1.1). Based on (2.1), we will show next that M (n, k) can be described by a set of polynomials.
Simple examples.
Let us first obtain polynomial representations for M (n, k) when k = 1, 2, 3 using (2.1). Clearly, when k = 1, we have
from (2.1) using M (0, 0) = 1. If we write n = 2Q 2 + R 2 when k = 2, we have
from (2.1) using (2.2). Next, writing n = 6Q 6 + R 6 when k = 3, we have n 3 = 2Q 6 + Q R 6 ,3 . Then, remembering M (R 6 − 1, 2) = 0 for R 6 = 0, 1, 2 from (1.1), we 
of partitions of n with k parts can be specified with the k polynomials 
the third-highest degree term are quadratic functions of r.
Proof. Let us prove the theorem using mathematical induction. Obviously, (2.2)-(2.5) imply that (2.7) is true when k = 1, 2, 3. Assuming (2.7) is true, let us now show that M (n, k + 1) is described by k + 1 polynomials of degree k in Q k+1 .
Putting n as n = k + 1Q k+1 +R k+1 , we have
which can be rewritten as
Recollecting R k+1 = 0, 1, · · · , k + 1 − 1, it is clear from (2.14) that M (n, k + 1) is described by k + 1 polynomials of degree k in Q k+1 , proving that (2.7) holds when k is increased by 1. In addition, we have c 0,k+1 (R k+1 ) = D(R k+1 ) which is the same as (2.
in the polynomial representation of M (n, k + 1) are those obtained from (2.9), (2.10), and (2.12), respectively, by replacing k + 1 for k. Concentrating on the terms of i k−1 , i k−2 , and i k−3 in (2.14), we have
Here, H j,k denotes the coefficient of (the j-th highest degree term) n k+2−j in n i=1 i k , and can straightforwardly be shown [1] to be
for k ≥ 1, and H 3,k = k 12 for k ≥ 2. Now using (2.9), (2.16), and (2.17), we get
since c 0,1 (r) = 1 from (2.2). The result (2.19) can in turn be used in the coefficient of Q k k+1 in (2.18) to produce
after some calculations from (2.16) when k = 2 since c 0,2 (r) = 0 from (2.3) and c 1,2 (r) = 1 from (2.20), and
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As the result R 6 + 3 obtained in (2.21) can also be obtained from (2.22) when we put k = 2, we note that (2.22) holds for k ≥ 2. Using (2.19) and (2.22), we have the coefficient of Q
which can further be shown to be 
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